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The thermodynamics and overcharging problem in the RN-AdS black hole with the cloud of
strings and quintessence are investigated by absorption of scalar particle and fermion in the extend
phase space. The cosmological constant is treated as the pressure with a conjugate volume. Besides,
the parameters related to quintessence and cloud of strings are treated as thermodynamic variables.
Finally we find the first law of thermodynamics is satisfied and the second law of thermodynamics
is indefinite. Furthermore, the near-extremal and extremal black holes can not be overcharged.
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I. INTRODUCTION
Since Stephen Hawking proved that black holes have quantum radiation with a tempera-
ture T = κ
2pi
[1], it is believed that a black hole can be treated as a thermodynamic system.
Until now, there have been many work on the thermodynamics of black holes, such as the
four laws of thermodynamics [2, 3], phase transitions [4] and quantum effects [5, 6]. In
general, the first law of thermodynamics of black hole is written as
dM = TdS + ΦdQ. (1)
Where M is the mass, T is the Hawking temperature of the black hole, S is the entropy,
Φ is the electric potential and Q is the electric charge. The mass is usually interpreted
as the enthalpy [7]. It is clear that there is no PdV term in Eq. (1), which corresponds
to the change in volume under pressure P . When the cosmological constant, Λ, is treated
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as the pressure of the black hole [8–13] and the volume of the black hole is defined as the
thermodynamic variable conjugate to the pressure [14], Eq. (1) is modified as
dM = TdS + V dP + ΦdQ. (2)
The relations between P , Λ and V are P = − Λ
8pi
, V =
(
∂M
∂P
)
S,Q
. Recently the existence of a
gravitationally repulsive interaction at a global scale (cosmic dark energy) was confirmed by
high-precision observations [15]. It is founded that one type of dark energy models produces
some gravitational effect when it surrounds black holes. For this type of dark energy, the
equation of state parameters is in the interval [−1,−1
3
] [16]. This type of dark energy models
is called quintessence dark energy or quintessence for short. In this case, the first law of
thermodynamics is given by [17]
dM = TdS + V dP + ΦdQ− 1
2r
3ωq
+
dα, (3)
where α is a positive normalization factor. There has been much interest in studying the
physics of black holes surrounded by quintessence [18–34].
According to string theory, nature can be represented by a set of extended objects (such
as one-dimensional strings) rather than point particles. Therefore, it is of great importance
to understand the gravitational effects caused by a set of strings, which can be achieved
by solving Einstein’s equations with a finite number of strings. The results obtained by
the Letelier show that the existence of cloud of strings will produce a global origin effect
that related to a solid deficit angle. The solid deficit angle depends on the parameters that
determine the existence of the cloud [35]. Therefore, the existence of cloud of strings will
have an impact on black holes. In this case, the first law of thermodynamics takes on the
form as
dM = TdS + V dP + ΦdQ− r+
2
da, (4)
where a is the state parameter of cloud of strings. There have been many interesting research
results about the black holes surrounded by the cloud of strings [36–41]. As noted in [42],
considered that the parameters related to the cloud of string and quintessence are extensive
thermodynamic parameters. Then the first law of thermodynamics of black hole is modified
as
dM = TdS + V dP + ΦdQ− 1
2r3+ωq
dα− r+
2
da. (5)
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There has been much interest in deducing and discussing the physical properties of various
black holes when they are surrounded by cloud of strings and quintessence [42–48].
An important feature of a black hole is its horizon, no matter what matter can escape
through it. There is a gravitational singularity in the center of the black hole, which hides
in the event horizon. At the singularity, all the laws of physics break down. In order to
avoid this phenomenon, Penrose proposed the weak cosmic censorship conjecture (WCCC)
in 1969 [49, 50]. The WCCC claims that the singularity is always hidden in the event
horizon and cannot be seen by the observer at the infinite distance. Although the WCCC’s
correctness is widely accepted, there is no complete evidence to prove it and people can only
test its validity. The Gedanken experiment is an effective method to test the validity of the
WCCC [51]. In this experiment, a test particle with sufficient energy, charge and angular
momentum is thrown into the black hole. After the black hole absorbed the test particle,
if the horizon is destroyed, the singularity becomes a naked singularity. In this case, the
black hole is overcharged and the WCCC is violated. On the contrary, if the horizon isn’t
destroyed, the singularity is surrounded by the horizon. Consequently the black hole is not
overcharged and the WCCC is valid. After this experiment was proposed, the validity of
WCCC has been tested in various black holes by this experiment [52–72]. On the other
hand, the validity of the WCCC can be investigated through the Gedanken experiment by
using test fields instead of test particles. The experiment was first proposed by Semiz [73].
This experiment is also used to study the validity of the WCCC in different space-times
[74–84].
In this paper, we investigate the thermodynamics and overcharging problem in the RN-
AdS black hole with cloud of strings and quintessence by the charged particle absorption in
the extend phase space. Due to the existence of the cloud of strings and quintessence, the
constants relate to them are also taken into account in the calculation. The organizational
structure of this paper is as follows. In Section II, we review the thermodynamics of the
RN-AdS black hole with cloud of strings and quintessence. In Section III, the absorptions
of the scalar particle and fermion are discussed. In Section IV, the first and the second
laws of thermodynamics are investigated in the extended phase space. In Section V, the
overcharging problem is tested in the near-extremal and extremal black holes. Our results
are summarized in Section VI.
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II. BLACK HOLE SOLUTION
The metric of a RN-AdS black hole surrounded by cloud of strings and quintessence in
4-dimensional space-time is given by [18, 43, 45]
ds2 = f(r)dt2 − 1
f(r)
dr2 − r2 (dθ2 + sin2θdφ2) , (6)
with
f(r) = 1− a− 2M
r
+
Q2
r2
− α
r3ωq+1
− Λr
2
3
. (7)
In the above equation, Λ is the cosmological constant related to the AdS space radius l
by Λ = −3/l2, M and Q are constants respectively equal to the mass and charge of the
black hole, respectively. a is the integral constant caused by the cloud of strings and α is
normalization constants related to the quintessence, with density ρq as
ρq = −α
2
3ωq
r3(ωq+1)
. (8)
In Fig. 1, the graphs of the function f(r) are shown for different values of the parameters
(a)α = 0.01, ωq = −2/3. (b)α = 0.1, ωq = −1/2.
Fig. 1: The function f(r) for different values of a, α and ωq. We choose M = 1 and Q = 0.8.
a, α and ωq, which represent the presence of the cloud of strings and the quintessence.
When it is the non-extremal black hole, the equation f(r) = 0 has two positive real roots
r+ and r−. The r+ represents the radius of the event horizon. When it is the extremal black
hole, f(r) = 0 has only one root r+. The mass of the black hole is
M =
1
2
(r − ar + Q
2
r2
− α
r3ωq
+
r3
l2
). (9)
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The Hawking temperature takes on the form as
T =
f ′(r+)
4pi
=
1
4pi
(
2M
r2+
− 2Q
2
r3+
+
(3ωq + 1)α
r
3ωq+2
+
+
2r+
l2
). (10)
Moreover, the entropy and the potential of the black hole are
S = pir2+, (11)
Φ = −At (r+) = Q
r+
. (12)
In previous studies, the cosmological constant is treated as a constant. Recently, the ther-
modynamic pressure of the black hole is introduced into the laws of thermodynamics. The
cosmological constant is treated as a variable related to pressure. The relationship between
the cosmological constant and pressure is [8–13]
P = − Λ
8pi
=
3
8pil2
. (13)
The first law of thermodynamics in the extended phase space is written as
dM = TdS + V dP + ϕdQ+ γdα + κda, (14)
where
γ = − 1
2r
3ωq
+
,κ = −r+
2
. (15)
In the above equation, the volume is given by
V =
(
∂M
∂P
)
S,Q
=
4pir3+
3
. (16)
The mass of the black hole M is defined as its enthalpy. Hence, the relationship between
enthalpy, internal energy and pressure is [7, 10]
M = U + PV. (17)
III. PARTICLES ABSORPTION
A. Scalar particles absorption
In curved space-time, the motion of the charged scalar particle satisfies the Klein-Gordon
equation
1√−g (
∂
∂xµ
− iq
~
Aµ)[
√−ggµν( ∂
∂xν
− iq
~
Aν)]ΨS − m
2
~2
ΨS = 0, (18)
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where ΨS is the scalar field, m and q are the mass and charge of the particle, respectively.
Using the WKB approximation [85–87], the wave function is written as
ΨS = exp(
i
~
I + I1 +O(~)). (19)
Inserting Eq. (19) and the contravariant metric components of the 4-dimensional black hole
into the Klein-Gordon equation, we obtain
f−1(∂tI − qAt)2 − f(∂rI)2 − 1
r2
(∂θI)
2 − 1
r2sin2θ
(∂ϕI)
2 +m2 = 0. (20)
Considering the symmetry of space-time, it is necessary to carry out the separation of
variables in the action
I = −ωt+W (r) + S(θ, ϕ), (21)
where ω is the energy of the absorbed scalar particle. Substituting the above separated
action into Eq. (20) and simplifying it yields
∂rW = ±
√
(ω − 4qQ
r
)2 + [m2 − 1
r2
(∂θS)2 − 1r2sin2θ (∂ϕS)2]f
f
. (22)
In the above equation, +(−) indicates the situation of ingoing(outgoing) particles. The
negative sign is ignored when we suppose the particles are completely absorbed by the black
hole [88]. Defining pr = ∂rI = ∂rW and the above equation is modified as
pr = grrpr =
√
(ω − 4qQ
r
)2 + [m2 − 1
r2
(∂θS)2 − 1
r2sin2θ
(∂ϕS)2]f. (23)
Here we consider the situation of absorbed particles near the horizon, which means f(r)→ 0.
Then Eq. (23) is simplified to
pr = ω − qΦ, (24)
where Φ = Q
r+
is the electric potential. The Eq. (24) is the relationship between the
momentum, the energy and the charge of the ingoing particle. When ω < qΦ, the energy of
the black hole flows out the event horizon and the superradiation happens. When ω = qΦ,
the energy of the black hole does not change. In the discussion of this paper, it is assumed
that ω ≥ qΦ, which implies superradiation does not occur. The Eq. (24) plays an important
role in the discussing of the thermodynamics of black holes and is recovered by fermion’s
absorption in the next section.
7
B. Fermions absorption
In curved space-time, the motion of the charged fermion particle obeys the Dirac equation
iγµ(∂µ + Ωµ − i~qAµ)ΨF +
m0
~
ΨF = 0, (25)
where m and q are the mass and charge of the fermion, respectively. Ωµ ≡ i2ωµabΣab, ωabµ is
the spin connection defined by the normal connection and the tetragonal eλb. The relation
between the spin connection, the normal connection and the tetragonal is
ωµ
a
b = eν
aeλbΓ
ν
µλ − eλb∂µeλa. (26)
The Greek index rises and falls with the curved metric gµν . The Latin index is dominated
by flat metric ηab. To construct the tetrad, it is necessary to use the following definition
gµν = eµ
aeν
bηab, ηab = gµνe
µ
ae
ν
b, e
µ
aeν
a = δµν , e
µ
aeµ
b = δba. (27)
The Lorentz spinor generators are defined by
Σab =
i
4
[γa, γb], {γµ, γν} = 2ηab. (28)
Then the γµ is constructed in curved space-time as
γµ = eµaγ
a, {γµ, γν} = 2gµν . (29)
For a fermion with a spin of 1/2, its wave function must be described as both spin-up and
spin-down. We first describe the spin-up wave function. The wave function takes on the
form as
ΨF↑ =

A
0
B
0
exp
(
i
~
I↑(t, r, θ, ϕ)
)
. (30)
where A, B and I are the functions of t, r, θ, φ. For the metric (6), we chose
eµ
a = diag
(√
f, 1/
√
f, r, rsinθ
)
. (31)
Then the γµ matrices is written as
γt =
1√
f (r)
 i 0
0 −i
 , γθ = r
 0 σ1
σ1 0
 ,
γr =
√
f (r)
 0 σ3
σ3 0
 , γϕ = rsinθ
 0 σ2
σ2 0
 ,
(32)
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where σi is the Pauli matrices which given by
σ1 =
 0 1
1 0
 , σ2 =
 0 −i
i 0
 , σ3 =
 1 0
0 −1
 . (33)
Inserting the spin connection, wave function and gamma matrices into the Dirac equation,
we obtain
− iA 1√
f
(∂tI↑ − qAt)−B√g∂rI↑ + Am0 = 0, (34)
− iB 1√
f
(∂tI↑ − qAt)− A√g∂rI↑ +Bm0 = 0, (35)
A [r∂θI↑ + irsinθ∂ϕI↑] = 0, (36)
B [r∂θI↑ + irsinθ∂ϕI↑] = 0. (37)
Eqs. (36) and (37) are simplified to one equation and yield r2 (∂θI↑)
2 + r2sin2θ (∂ϕI↑)
2 = 0.
In previous studies, the contribution of the angle part will not affect the results of tunneling
radiation when the quantum gravity effects are not considered [89]. Since the radial action
is determined by the first two of the above four equations, we mainly focus on them. To
solve the question we addressing, it is necessary to use the separation of variables
I↑ = −ωt+W (r) +Θ (θ, ϕ) . (38)
In the above equation, ω is the energy of the ingoing fermion. Inserting Eq. (38) into Eqs.
(34) and (35), we obtain
f 2 (∂rW )
2 −
(
ω − 4qQ
r
)2
−m20f = 0. (39)
Simplify Eq. (39), we have
∂rW = ±
√(
ω − 4qQ
r
)2
+m20f
f
, (40)
where +/− corresponds to the cases of the ingoing/outgoing fermion. In the work of Gwak
[88], the positive sign in the above equation was selected. Thus, we get
pr = grrpr =
√(
ω − 4qQ
r
)2
+m20f. (41)
Near the event horizon, f → 0. The above equation is modified as
pr = ω − qΦ, (42)
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Therefore, the relation (24) can be recovered by fermion absorption. The above discussion
mainly calculate the spin-up state. When it is the spin-down state, the result can be gotten
is same as the spin-up state. It is clear that the results obtained by scalar particle absorption
and fermion absorption are the same.
IV. THERMODYNAMICS AND PARTICLES ABSORPTION WITH CONTRI-
BUTION OF PRESSURE AND VOLUME
In the extended phase space, the cosmological constant is treated as the function of the
pressure of the black hole. After the black hole absorbs a particle, the changes of the internal
energy and charge of the black hole equal to the energy and charge of the particle, that is
ω = dU = d(M − PV ), q = dQ. (43)
Therefore, Eq. (42) is written as
dU =
Q
r+
dQ+ pr. (44)
The initial state of the black hole is represented by (M,Q,P, r+), and the final state is
represented by (M + dM,Q+ dQ, P + dP, r+ + dr+). The function f(M,Q,P, a, α, r+) and
f(M + dM,Q+ dQ, P + dP, a+ da, α + dα, r+ + dr+) satisfy
f(M,Q,P, a, α, r+) = f (M + dM,Q+ dQ, P + dP, a+ da, α + dα, r+ + dr+) = 0. (45)
The relation between the functions f(M,Q,P, a, α, r+) and f(M + dM,Q+ dQ, P + dP, a+
da, α + dα, r+ + dr+) is
f (M + dM,Q+ dQ, P + dP, a+ da, α + dα, r+ + dr+) = f(r)
+
∂f
∂M
|r=r+dM +
∂f
∂Q
|r=r+dQ+
∂f
∂r
|r=r+dr+ +
∂f
∂P
|r=r+dP +
∂f
∂a
|r=r+da+
∂f
∂α
|r=r+dα,
(46)
where
∂f
∂M
|r=r+ = −
2
r+
,
∂f
∂Q
|r=r+ =
2Q
r2+
,
∂f
∂r
|r=r+ = 4piT,
∂f
∂P
|r=r+ =
8pir2+
3
,
∂f
∂α
|r=r+ = −
1
r
3ωq+1
+
,
∂f
∂a
|r=r+ = −1.
(47)
Using Eqs. (45), (46) and (47) yields
dr+ =
2pr + r+da+ r
−3ωq
+ dα
4pir+(T − 2Pr+) . (48)
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Then the variation of the entropy and volume is written as
dS =
2pr + r+da+ r
−3ωq
+ dα
2T − 4Pr+ , (49)
and
dV =
2r+p
r + r2+da+ r
−3ωq+1
+ dα
T − 2Pr+ . (50)
From Eqs. (10), (49), (13) and (50), we obtain
TdS − PdV = pr + r+
2
da+
r
−3ωq
+
2
dα. (51)
Moreover, substituting Eqs. (12), (43) and (44) into Eq. (51), the relation between the
internal energy and enthalpy is simplified to
dM = TdS + V dP + ΦdQ+ γdα + κda, (52)
where γ and κ are the physical quantity conjugated to the parameter α and a, respectively.
They satisfy
γ = − 1
2r
3ωq
+
,κ = −r+
2
. (53)
Hence, the first law of thermodynamics is still satisfied.
When it is the extremal black hole, the temperature is zero. Then Eq. (49) is modified
as
dS = −2p
r + r+da+ r
−3ωq
+ dα
4Pr+
. (54)
If dα > 0 and da > 0, dS is less than zero and the entropy of the extremal black hole
decreases over time. If dα < 0 and da < 0, dS could be greater than zero. Therefore, the
second law of thermodynamics is indefinite for the extremal black hole in the extended phase
space.
When it is the near-extremal black hole, we will do numerically research on the change of
entropy to intuitively understand the changes in entropy. We set M = 0.5 and l = pr = 1.
For the case ωq = −2/3, a = 0.01 and α = 0.01, the extremal charge is Qe = 0.465706962.
When the charge is less than the extremal charge, different charge values are used to produce
changes in entropy. The values of r+ and dS corresponding to different charge values are
sorted out in Table I.
From Table I, it can be obtained that the event horizon of the black hole and the variation
of entropy increases when the charge of the black hole decreases. It is obviously that there
11
Q r+ dS da dα
0.465706962 0.388699 −12.1128
0.465706 0.389388 −12.2765
0.46 0.440516 −61.7333
0.44 0.495002 35.3525
0.42 0.495002 20.7666 0.5 0.1
0.40 0.550912 17.2452
0.30 0.623442 12.1402
0.20 0.661300 10.9798
0.10 0.680975 10.5455
Table I: The relation between dS, Q and r+.
are two regions where dS > 0 and dS < 0. Therefore, there exists a phase transition point
that divides the value of dS into positive and negative values regions.
In order to explore whether the values of state parameters of cloud of strings and
quintessence have effects on the second law of thermodynamics, we test the validity of
the second law when the values of a, α and ωq change. In Table II, we set a = 0.1 and other
values of variables are the same as in Table I. The extremal charge is Qe = 0.480782137.
Same as before, we use different charge values to produce changes in entropy. The values of
r+ and dS corresponding to different charge values are summarized in Table II.
In Table III, we set ωq = −1/2, a = 0.1, α = 0.1 and other values of variables are the
same as in Table I. The extremal charge is Qe = 0.491516500. The values of r+ and dS
corresponding to different charge values are summarized in Table III.
In order to more intuitively observe the impact of a and α on dS, the function graph is
used to express the relationship between dS and r+ in different situations, which is shown in
Fig. 2. From Fig. 2, it is clear that there is indeed a phase change point that divides dS into
positive and negative values. If the charge of the black hole is less than the extreme value of
the charge, the change in entropy is negative and entropy decreases. If the charge is greater
than the extreme charge, the change in entropy is positive and the entropy increases. Thus,
the second law of thermodynamics is indefinite for the black hole in the extended phase
space. From Table I, II and III, we find when the value of state parameter of cloud of
12
Q r+ dS da dα
0.480782137 0.407715 −11.5960
0.480782 0.407979 −11.6471
0.48 0.427511 −16.6251
0.47 0.479200 −109.927
0.45 0.524836 45.8092 0.5 0.1
0.40 0.587213 19.7015
0.30 0.653150 14.1111
0.20 0.688780 12.6902
0.10 0.707491 12.1425
Table II: The relation between dS, Q and r+.
Q r+ dS da dα
0.491516500 0.424248 −12.5738
0.491516 0.424762 −12.6769
0.49 0.452203 −20.8312
0.47 0.525092 121.255
0.45 0.560603 37.4749 0.5 0.1
0.40 0.616308 20.7626
0.30 0.678621 15.3953
0.20 0.712972 13.8958
0.10 0.731128 13.3019
Table III: The relation between dS, Q and r+.
strings or quintessence increase, extremal charge Qe and its corresponding r+ also increase.
Moreover, for the same value of r+, dS increases when a, α and ωq increase. The values of
the parameters do have effects on the second law of thermodynamics, but the parameters
do not determine whether the second law of thermodynamics is ultimately violated.
Furthermore, da and dα also have effects on dS. When da and dα change, we numerically
analyze the change of dS and plot it, as shown in Fig. 3. From the above discussion, it
is concluded that the second law of thermodynamics is not always valid for near-extremal
13
a=0.01,α=0.01,ωq=-2/3
a=0.1,α=0.01,ωq=-2/3
a=0.1,α=0.1,ωq=-1/2
0.2 0.4 0.6 0.8 1.0
r+
-40
-20
20
40
dS
Fig. 2: The relation between dS and r+ which parameter values are M = 0.5, l = p
r = 1, da = 0.5,
and dα = 0.1.
black holes in the extended phase space.
V. OVERCHARGING PROBLEM IN THE EXTREMAL AND NEAR-
EXTREMAL BLACK HOLES
The validity of WCCC in the extremal and near-extremal black holes is discussed by the
absorptions of the scalar particle and fermion in this section. An effective way to test the
validity of WCCC is to check whether the event horizon exists after the black hole absorbs
the particles. The event horizon is determined by the function f(r). In the initial state,
the minimum value of f(r) is negative or zero and f(r) = 0 has real roots. It means event
horizon exists. When the black hole absorbs a particle, the mass and charge of the black
hole will change during the infinitesimal time interval dt and the minimum value of f(r) will
also change. If the minimum value of f(r) is negative or equal to zero, the event horizon
exists. Therefore the WCCC is effective. Otherwise, the minimum value of f(r) is positive,
the event horizon doesn’t exist. In this case, the black hole is overcharged and the WCCC
is ineffective.
The sign of the minimum value in the final state can be obtained in term of the initial
state [90]. Assuming (M,Q,P, r0, a, α) and (M+dM,Q+dQ, P+dP, r0+dr0, a+da, α+dα)
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da=0.9,dα=0.6
da=-0.9,dα=0.6
da=0.9,dα=-0.6
0.2 0.4 0.6 0.8 1.0
r+
-40
-20
20
40
dS
Fig. 3: The relation between dS and rh which parameter values areM = 0.5, l = p
r = 1, ωq = −2/3,
a = 0.1, and α = 0.1.
represent the initial state and the finial state, respectively. At r = r0 + dr0, f(M + dM,Q+
dQ, P + dP, r0 + dr0, a+ da, α + dα) is written as
f (M + dM,Q+ dQ, P + dP, a+ da, α + dα, dr0 + r0)
= δ +
∂f
∂M
|r=r0dM +
∂f
∂Q
|r=r0dQ+
∂f
∂P
|r=r0dP
+
∂f
∂a
|r=r0da+
∂f
∂α
|r=r0dα +
∂f
∂r
|r=r0dr,
(55)
where
∂f
∂r
|r=r0 = 0,
∂f
∂M
|r=r0 = −
2
r0
,
∂f
∂Q
|r=r0 =
2Q
r20
,
∂f
∂P
|r=r0 =
8pir20
3
,
∂f
∂a
|r=r0 = −1,
∂f
∂α
|r=r0 = −
1
r
3ωq+1
0
.
(56)
At r = r0, we have
f (M,Q,P, a, α, r0) ≡ f0 = δ ≤ 0, (57)
and
∂rf (M,Q,P, a, α, r0) ≡ f ′min = 0. (58)
15
From Eqs. (55), (56), (43), (44) and (50), we obtain
f (M + dM,Q+ dQ, P + dP, a+ da, α + dα, r0 + dr0)
= δ − 2Tp
r
r0 (T − 2Pr+) −
2qQ
r0
(
1
r+
− 1
r0
)
+
8pi
3r0
(r+ − r0) dP
+
Tr
−3ωq
0 + 2Pr+
(
r
−3ωq
+ − r−3ωq0
)
r0 (T − 2Pr+) dα +
Tr0 + 2Pr+(r+ − r0)
r0 (T − 2Pr+) da.
(59)
When the initial black hole is the extremal black hole, r0 = r+, T = 0 and δ = 0. Then
we can obtain fmin = δ = 0 and f
′
min = 0. Hence, Eq. (59) is written as
f (M + dM,Q+ dQ, P + dP, a+ da, α + dα, dr0 + r0) = 0. (60)
When the initial black hole is the near-extremal black hole, r0 and r+ do not coincide.
In Eq. (59), the first term in the second line satisfies Eq. (57) and the second term is
only suppressed by the test particle limit. However, the other terms are suppressed by the
approaching extreme value limit and the test particle limit. Therefore, they can be ignored.
Hence, Eq. (59) is modified as
f (M + dM,Q+ dQ, P + dP, a+ da, α + dα, r0 + dr0) = δ − 2Tp
r
r0 (T − 2Pr+) < 0. (61)
Hence, the near-extremal black hole stays near-extremal after absorbing a charged particle.
The WCCC is satisfied for both the extremal and near-extremal black holes in the extended
phase space.
VI. CONCLUSION
In this paper, we investigated the first and second laws of the thermodynamics and
the overcharging problem in a RN-AdS black hole with cloud of strings and quintessence
via the absorptions of the scalar particle and fermion in the extended phase space. The
cosmological constant is treated as the function of thermodynamic pressure P . Moreover,
the state parameters of cloud of strings and quintessence are treated as variables. To study
the variations of the thermodynamic quantities of the black hole after absorbing a charged
particle, we calculated the absorption of scalar particle and fermion. We found they finally
simplified to the same relation pr = ω−qΦ. This relation is exactly the same as that obtained
by the Hamilton-Jacobi equation. The reason is that the Hamilton-Jacobi equation can be
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obtained by inserting the wave function (19) into the Klein-Gordon equation (18). The
Hamilton-Jacobi equation takes on the form as
(∂µI + eAµ) (∂µI + eAµ)−m2 = 0. (62)
In addition, Hamilton-Jacobi equation can be obtained from Dirac equation [91, 92]. The
multiplication of Eq. (25) gives the second-order partial derivative equation. The wave
function is written as ΨF = Ψ0e
i
h
I , where Ψ0 is a position-dependent spinor. By inserting the
function into the second-order partial derivative equation and keeping only the first-order
term in ~, the Hamilton-Jacobian equation can be obtained.
We used the relation pr = ω − qΦ to recovered the first law of thermodynamics and dis-
cussed the validity of the second law of thermodynamics and WCCC. During the discussion,
the final state of the black hole was considered to be still a black hole. The first law of
thermodynamics is recovered and the second law of thermodynamics is indefinite. Since we
treated the parameters related to cloud of strings and quintessence as variables, there are
two more terms, − 1
2r
3ωq
+
dα and − r+
2
da, in the formula of the first law of thermodynamics.
The detailed formulas of the first law of thermodynamics for black holes and black holes
surrounded by clouds and quintessence are shown in Table IV.
Types of black holes 1st law in the extend phase space
RN-AdS BH dM = TdS + V dP + ϕdQ
RN-AdS BH with cloud of strings and
quintessence
dM = TdS + V dP + ϕdQ− 1
2r3+ωq
dα− r+2 da
Table IV: Results for the first thermodynamic law under different conditions in the extend phase space.
When tested the validity of the second law of thermodynamics, we found there exists
a phase change point that divides the value of dS into positive and negative regions. The
change in the values of the state parameters related to the cloud of strings and quintessence
will affect the value of r+, Qe and dS. As shown in Fig. 2, the parameters do have effects
on the second law of thermodynamics. But the parameters do not determine whether the
second law of thermodynamics is ultimately violated. Moreover, the value of da and dα also
affect the value of Qe and dS. Furthermore, the WCCC has been proven to be valid all
the time for extremal and near-extremal black holes. The validity of WCCC was tested by
checking the sign of the minimum value of f(r). Compared with black holes without cloud
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of strings and/or quintessence, the minimum value of f(r) becomes larger after absorbing
particles with energy and charge. But the minimum value of f(r) remains the original
positive and negative. Therefore, neither extreme black holes or near-extreme black holes
will be overcharged. Our results are shown in Table V.
1st law Satisfied
2nd law Indefinite
WCCC Satisfied for the extremal and near-extremal black
holes. The extremal/near-extremal black hole stays
extremal/near-extremal after the charge test particle ab-
sorption
Table V: Results for the first and second laws of thermodynamics and the WCCC, which are tested for a
RN-AdS black hole with cloud of strings and quintessence via the charge test particle absorption.
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